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Abstract. The geometric conjecture developed by the authors 
in [TJ [31 121 H] applies to the smooth dual Irr(<?) of any reductive 
p-adic group Q. It predicts a definite geometric structure - the 
structure of an extended quotient - for each component \yy(Q) b in 
the Bernstein decomposition of lrr(0). 

In this article, we prove the geometric conjecture for the prin- 
cipal series in any split connected reductive p-adic group Q. The 
proof proceeds via Springer parameters and Langlands parameters. 
As a consequence of this approach, we establish strong links with 
the local Langlands correspondence. 

One important feature of our approach is the emphasis on two- 
sided cells c in extended affine Weyl groups. 

1. Introduction 

In a series of papers [H [21 El E] we have proposed a geometric con- 
jecture about the smooth dual of any reductive p-adic group Q. Ac- 
cording to the conjecture, if Irr(Q) s is any Bernstein component [21] of 
the smooth dual Irr(£?), then Irr((?) s is in bijection with the extended 
quotient T S //W B . Here T s is the complex torus and W s is the finite 
group (acting on T s ) which Bernstein assigns to the point s of the Bern- 
stein spectrum of Q. The point of our conjecture is that Itt(Q) s can, 
in practice, be quite difficult to calculate — but the extended quotient 
T s //W s is always easy to calculate. 

More precisely, our conjecture can be stated at four levels: 

• fT-theory 

• Periodic cyclic homology 

• Geometric equivalence of finite type algebras 

• Representation theory 

In this paper we shall consider the conjecture at the level of repre- 
sentation theory. An evident question is the compatibility of our ex- 
tended quotient with already known parametrizations of certain Bern- 
stein components. In this paper we shall establish the compatibility for 



Date: November 1, 2011. 

2000 Mathematics Subject Classification. 22E50, 20G05. 

Key words and phrases. Extended quotients, representations of p-adic groups, 
principal series. 

1 



2 



ANNE-MARIE AUBERT, PAUL BAUM AND ROGER PLYMEN 



the Kazhdan-Lusztig-Reeder parametrization [25J of Bernstein compo- 
nents in the principal series. Thus if Q is any split connected reductive 
p-adic group with maximal split torus 7~, and Irr(£/) s is a Bernstein 
component in the principal series of Q (with the assumption, when 
s 7^ [T, l)g, that Q has connected centre and p is not too small), we 
construct a canonical bijection 

//: (T a //W% -+ Irr(gf 

where lrr(Q) s is parametrized by Kazhdan-Lusztig-Reeder parameters, 
and (T B //W B )2 is the extended quotient of the second kind (as explained 
in §3). 

We now supply some more details. For each a G C x , we construct a 
commutative diagram (see section 9): 

(T*//W*) 2 Irr(£) s 

(1) TTa i a 

T s /W s T s /W s 

such that 

(2) 7r^ = Sco^. 

Here, q is the cardinality of the residue field of the underlying p-field F, 
and Sc denotes the cuspidal support map, also called the infinitesimal 
character, from Irr(^) to the set of all ^-conjugacy classes of cuspidal 
pairs. The second vertical map i a in the diagram is defined in terms 
of Kazhdan-Lusztig-Reeder parameters (see Eqn. (1591 ) while the first 
vertical map ir a is built from correcting cocharacters, see §11. 

We prove that the number of points in the fibre of 7r ^ equals the 
number of inequivalent irreducible constituents of Indg(x), where B D 
T is the standard Borel subgroup in Q, and s = [T, x]g- This confirms 
our geometric conjecture, as stated in [3], for the principal series of Q. 

This conjecture has been proved independently by Maarten Solleveld 
in [27] in a completely different way: we note that Solleveld's theorem 
applies to situations more general than the principal series of a reduc- 
tive p-adic group. 

Our proof provides, on the case of the principal series, a result more 
precise than J27J Theorem 2] in the sense that we obtain (see Eqn. (T2~T| ) 
a cell-decomposition 

(3) (T s //W*) 2 = U( T V/^ S )2 

where c runs over the two-sided cells of the extended affine Weyl group 
X(T B ) xi W s . Here X(T S ) is the group of characters of T s . 

We will refer to (T s //W s ) c 2 as the c-component of (T B //W 5 ) 2 . We 
prove, as conjectured in [U p. 87], that the following properties hold: 
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(1) the ordinary quotient T S /W B is contained in the c -component 
of (T s //W s )2 where c is the lowest two-sided cell 

(2) each correcting cocharacter is attached to a two-sided cell c. 

The cell decomposition in Eqn. 03]) is a key ingredient of our char- 
acterization of the intersections of the L-packets with Irr(C/) s in the 
principal series case. We prove in Theorem 112. II that two points (t,r) 
and (£', r') in (T s //W s )2 have their images by the bijection // s in the 
same L-packet if and only if (t, r) and (f, r') belong to the same c- 
component in Eqn.(]3]) and iv a (t, r) = 7r a (t',T') for each a G C x . 

Solleveld writes, in the Introduction of [27], that that he hopes that 
his Theorem 2 will be useful in the local Langlands program and relate 
the semisimple element t to the image of the geometric Frobenius by 
the Langlands parameter. This is exactly what we achieve (by an in- 
dependent route) in our definition of the L-parameter $, see Eqn. (1251) . 
Solleveld also writes that "The rest of such a Langlands parameter $ 
is completely beyond affine Hecke algebras, it will have to depend on 
number theoretic properties of the Bernstein components s". Our re- 
sults show that for principal series representations at least this is not 
the case, see once again Eqn. (125ft . The cell decomposition is governed 
by data attached to the affine Hecke algebra and is intimately related 
to the L-packets, see §12. 

Note that, in Eqn. ([2]), we have set 

(4) a = y/q. 

In the commutative diagram (pT|), all values of a G C x are allowed. In 
particular, we may set a — 1. In view of Eqn. (14"]) , the field Fi with one 
element appears, at the very least, in the background of this article. 
We hope to develop this point of view elsewhere. 
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2. Extended quotients 

Let X be an affine algebraic variety over C, and let 0(X) denote 
the coordinate algebra of X. Suppose that W is a finite group acting 
on X as automorphisms of the affine variety X. The quotient X/W 
is obtained by collapsing each orbit to a point and is again an affine 
variety. 

For x G X, W x denotes the stabilizer group of x: 

W x := {w G W : wx = x}. 

Now c(W x ) is the set of conjugacy classes of W x . The extended quo- 
tient, denoted X//W, is constructed by replacing each orbit with c(W x ) 
where x can be any point in the orbit. This construction is done as 
follows. 
First, set 

X := {(w,x) G W x X : wx = x}. 

Then X C W x X and is an alegbraic sub-variety of the affine variety 
W xX. Then W acts on X: 

W x X — > X, a(w, x) = («to _1 , ax) 
with (w, x) G X,a G W. Then we define 

X//W := X/W. 

Hence the extended quotient X//W is the ordinary quotient for the 
action of W on X. In a straightforward way, X j/W is an affine variety. 
The map 

X X, (w, x) i — y x 

is equivariant and thus passes to quotient spaces as a morphism of 
algebraic varieties X//W — > X/W which will be referred to as the 
projection of the extended quotient on the quotient. 

Remark 2.1. Let 0(X) x W be the crossed product algebra for the 
action of W on 0(X). Denote the periodic cyclic homology of this 
crossed product algebra by UPj(0(X) x W) with j = 0, 1. There is a 
canonical isomorphism [9j of C- vector spaces 

(5) HP,(C(X) X W) ~ W +2 \X//W)- C) 

i 

where, as usual, K*(X//W;C) is the cohomology of X//W (using its 
analytic topology). The right- hand- side of Eqn.(j5]) is also known as the 
orbifold cohomology H* rb (X/W; C) of the quotient X/W, see [5]. 

The ABP (Aubert-Baum-Plymen) conjecture at the level of periodic 
cyclic homology is: 
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Conjecture 2.2. Let Q be a reductive p-adic group and lets be a point 
in the Bernstein spectrum ofQ. there there are canonical isomorphisms 
of C vector spaces 

HP,(Z*) ~ 0ff +a (T7/r ; C) 
i 

with j = 0, 1 where I s C H(G) is the Bernstein ideal in H(Q) labelled 
by s, and T s , W s are as above. 

3. Extended quotients of the second kind 

As in the previous section, let X be a complex affine variety with 
a finite group W acting as automorphisms of X. For each x G X, 
Irr(W x ) is the set of (equivalence classes of) irreducible representations 
of the isotropy group W x . Now Irr(W x ) has the same number of ele- 
ments as c(W x ) but, in general, there is no canonical bijection between 
Irr(W x ) and c(W x ). The extended quotient of the second kind, de- 
noted (X//W)2, is obtained by replacing each orbit by Irr(W x ), where 
x is any point in the orbit. The construction of (X//W) 2 is done as 
follows. Define 

X 2 := {(x,r) : x e X,r elrr(W x )}. 
Then W acts on X 2 by 

w(x, r) = (wx, w*t) 

where w*t is the push- forward by w of r from Irr(W x ) to lrr(W wx ). 
Then 

(X//W) 2 := X 2 /W 

the quotient of X 2 by W. Now 

X 2 ->■ X, (x, t) ^ x 

is W-equivariant and descends to a map of quotient spaces 

(X//W) 2 ->■ X/W. 

This is the projection of the extended quotient of the second kind on 
the quotient X/W. 

There is a non-canonical bijection v. Xj/W — > (X//W) 2 with com- 
mutativity in the diagram 

X//W — ^ (X//W) 2 

( 6 ) 1 

X/W > X/W 

id 

To construct the bijection v, first let H\,...,H r be subgroups of W 
such that 

(1) For each j = 1, 2, . . . , r, there exists x E X with W x = Hj 

(2) Any W x is conjugate within W to one and only one Hj. 
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Now for each j — 1, 2, . . . , r choose a bijection 

c(Hj) Irr(^). 

We shall refer to such a system of bijections as a c-Irr system. For 
x G X, [x] denotes the image of x under the quotient map X — > X/W. 
In X//W the pre-image of [x] with respect to the projection X//W 
X/W identifies canonically with one and only one c(Hj). The pre- 
image of [x] with respect to the projection (X //W)2 — > X/W identi- 
fies canonically with one and only one Irr(Hj). Then v : Xj/W — > 
(X//W) 2 maps the first pre-image to the second pre-image via the 
chosen bijection c(Hj) — > Irr(Hj). 

Lemma 3.1. The bijection 

X//W ->■ {X//W) 2 

obtained from a c-Irr system is continuous when X jjW has the Zariski 
topology and (X//W)2 has the Jacobson topology. 

Remark 3.2. We have a canonical bijection 

Irr(C(X) x W) ->■ (X //W) 2 . 

The advantage of X jjW over (X//W)2 is that X//W is an affine va- 
riety, but (X//W) 2 is not (in any canonical way) an algebraic variety. 

4. Twisted extended quotients of the second kind 

Let J be a finite group and let a G H 2 (J;C X ). Consider all maps 
r: J — > GL(V) such that there exists a C x -valued 2-cocycle c on J 
with 

t 0'i ) ° T U2 ) = c(j 1 ,j 2 )r ( j 1 j 2 ) , [c] = a 

and r is irreducible, where [c] is the class of c in H 2 (J; C x ). 

For such a map r let /: J — > C x be any map. Now consider the 
map (fr)(j) := f(j)r(j). This is again such a map r with cocycle c - f 
defined by 

(c • f){jl,j2) ■= c{j u j 2 ) . . . 

JKJiJV 

Given two such maps Ti, r 2 , an isomorphism is an intertwining operator 
Vi V 2 . Note that T\ ~ r 2 ^> c x = c 2 . Given Ti and r 2 , we define 
Ti to be equivalent to r 2 if and only if there exists /: J — >■ C x with Ti 
isomorphic to /r 2 . The set of equivalence classes of maps r is denoted 
Irr a (J). 

Now let T be a finite group with a given action on a set X. Now 
let □ be a given function which assigns to each x G X an element 
□(x) G H 2 (r x ;C x ) where r x = {7 G T : 71 = x}. The function □ is 
required to satisfy the condition 

□( 7 x) = %D(x), V(7, x) G T x X 
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where 7* : T x — > T 1X , a >->■ 707" 1 . Now define 

X? = {(x,t):tEItt^\T x )}. 

We have a map T x X^ 1 — >• Xip and we form the twisted extended 
quotient of the second kind 

(X//T)° := X?/T. 

We will apply this construction in the following two special cases. 

1. Given two finite groups T\, T and a group homomorphism T — > 
Aut(ri), we can form the semidirect product Ti x T. Let X = IrrTi. 
Now T acts on IrrTi and we get □ for free. Given x G IrrTi choose 
an irreducible representation <p : Ti — > GL(V) whose isomorphism 
class is x. For each 7 G T x consider <p twisted by 7 i.e., consider 
(p : 7x i->- 0(77 1 7~ 1 ). Since 7 G T x , (p is equivalent to (f> i.e., there 
exists an intertwining operator T 7 : <p ~ </> 7 . For this operator we have 

T 7 o T y = 0(7, 7')T 7 y , 7,7'e r x 

and \3(x) is then the class in H^r^.; C x ) of c. 

This leads to a new formulation of a classical theorem of Clifford. 

Lemma 4.1. We have a canonical bisection 

Irr(r! x T) ~ (irrr!//r)° 

Proof. The proof proceeds by comparing our construction with the clas- 
sical theory of Clifford; for an exposition of Clifford theory, see [23] • D 

2. Given a C-algebra R, a finite group T and a group homomorphism 
T — > Aut(i?), we can form the crossed product algebra 

R x T := {^r 7 7 : r 7 G R}, 

with multiplication given by the distributive law and the relation 

7r = 7(r)7, for 7 G T and r E R. 

Let X = Irri?. Now T acts on Irri? and as above we get □ for free. 
Here we have 

X 2 D = {(V,t) : V G Irri?, r G Irr^ v \T v )}. 

Lemma 4.2. W^e /ia^e a canonical bijection 

lrr(R x T) ~ (Irri?//r)° 

Proof. The proof proceeds by comparing our construction with the the- 
ory of Clifford as stated in [23, Theorem A. 6]. □ 

Notation 4.3. We shall denote by T\ x t (resp. V x r) the element of 
Irr(X x T) which corresponds to (ti,t) (resp. (V, r)) by the bijection 
of Lemma 14.11 (resp. I4.2p . 
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5. Twisted extended quotients for Weyl groups 

Let M be a reductive complex algebraic Lie group. Then M may 
have a finite number of connected components, M° is the identity com- 
ponent of M, and W M ° is the Weyl group of M°: 

W M ° :=N M o{T)/T 

where T is a maximal torus of M°. We will need the analogue of the 
Weyl group for the possibly disconnected group M. 

Lemma 5.1. Let M, M°, T be as defined above. Then we have 

N M (T)/T = W M ° x MM). 

Proof. The group W M is a normal subgroup of N^(T)/T. Indeed, let 
n G Nmo(T) and let n' G Nm(T), then n'nn'~ l belongs to M° (since the 
latter is normal in M) and normalizes T, that is, n'nn'~ l G N M o(T). 
On the other hand, n'(nT)n'- 1 = n'nn'- l (n'Tn'~ l ) = n'nn'^T. 

Let B be a Borel subgroup of M° containing T. Let w G Nm(T)/T. 
Then wBw^ 1 is a Borel subgroup of M° (since, by definition, the Borel 
subgroups of an algebraic group are the maximal closed connected solv- 
able subgroups). Moreover, wBw^ 1 contains T. In a connected reduc- 
tive algebraic group, the intersection of two Borel subgroups always 
contains a maximal torus and the two Borel subgroups are conjugate 
by a element of the normalizer of that torus. Hence B and wBw^ 1 are 
conjugate by an element w\ of W M °. It follows that w^w normalises 
B. Hence 

w?w G N M (T)/T n N M (5) = N M (T, B)/T, 

that is, 

N M (T)/T = W M ° ■ (N M (T,B)/T). 

Finally, we have 

W M ° D (N M (T,B)/T) = N M0 (T,B)/T = {1}, 

since N M o(B) = B and B D N M o(T) = T. This proves (1). 
Now consider the following map: 

(7) N M (T, B) /T ->■ M/M° mT mM°. 

It is injective. Indeed, let m,m' G Nm(T,B) such that mM° = m'M°. 
Then m^m' G M° n N M (T, J B) = N M o(T,B) = T (as we have seen 
above). Hence mT = m'T. 

On the other hand, let m be an element in M. Then m~ 1 Bm is a 
Borel subgroup of M°, hence there exists mi G M° such that m~ l Bm = 
m^Bvrtx. It follows that mim" 1 G Nm(-B). Also m\m~ x Tmm\ x is a 
torus of M° which is contained in mim" 1 Bmm^ 1 = B. Hence T 
and mim~ l Tmm^ 1 are conjugate in £?: there is b E B such that 
mxmr^Tmml 1 = b~ l Tb. Then n := frm^ 1 G N M (T,5). It gives 
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m = n~ 1 brrii. Since bm\ G M°, we obtain mM° = n _1 M°. Hence the 
map (£7§ is surjective. □ 

Let H denote a connected complex reductive group, let T be a max- 
imal torus in H. Let 

(8) M := M(t) = C H (t) 

denote the centralizer in H of t G T. 
The Weyl group of H is denoted W H . 

Lemma 5.2. Let t G T. The isotropy subgroup W t H is the group 
Nm{T)/T, and we have 

In the case when H has simply- connected derived group, the group M 
is connected and Wf 1 is then the Weyl group of M° . 

Proof. Let t G T. Note that H and Cff(i) have a common maximal 
torus T. The we have 

Wf = {w G W H : w ■ t = t} 
= {w E W H : wtw^ 1 = t} 
= {w G W H : wt = tw} 

= w H n c H (t) 

= N ff (T)/TnC ff (t) 
= N CH( t)(T)/r. 

The result follows by applying Lemma [5. II with M = Gait). 

If if has simply-connected derived group, then the centralizer C#(£) 
is connected by Steinberg's theorem [Til §8.8.7]. □ 

The twisted extended quotient of the second kind now elucidates the 
extended quotient of the second kind, for we have 

(9) (T//W H ) 2 = {( t ,r):teT,re Ivv(W t H )}/W H 

(10) IrrWf = (IrrW M °/Ao(M))° 

6. The principal series of Q 

Let Q be the group of F-rational points of a connected reductive 
algebraic group defined over F . Let T be a maximal torus in Q and 
let let x be a smooth irreducible character of T . In the case where 
X is non-trivial, we will assume that Q has connected center and the 
residual characteristic p satisfies the hypothesis in [261 P- 379]. 
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Let [T, x]g be the inertial equivalence class of the pair (T, x), see 
[21]. We will write s = [T, x]g f°r this point in the Bernstein spectrum 
33(0). Let 

(11) W s = {w G W : ws = s}. 

Let X denote the rational co-character group of T, identified with 
the rational character group of T. The group Q is split, so choose an 
isomorphism 

(12) T~F x x---xF x . 

T identifies canonically with the unramified quasicharacters of T so 
the above chosen isomorphism determines an isomorphism 

T ~ C x x ••• x C x . 

Now x maps T to C x so the isomorphism ffT2]) factors x as X = Xi ' ' ' Xi 
where each Xj is a smooth character of F x . Let Uf denote the group 
of units in o^. We define x as follows: 

X:U F ^T, y H> (Xi(v) , ■ ■ ■ , Xi(v)) - 

This construction is canonical, i.e.,x depends only on x an d not on 
the choice of isomorphism (fl2|) . 

The image of x is a finite abelian subgroup of T. Let H denote the 
centralizer in G of the image of x : 

(13) tf = C G (imx). 

Lemma 6.1. The group H is connected. The group W B defined in ffTT]) 
is a Weyl group, and it is the Weyl group of H: 

W s = W H . 

Proof. We will treat separately the cases where x is trivial and where 
is non-trivial. 

• We consider first the case where s = [T, l]g (that is, the character x 
is trivial). Then 

H = G and W s = W. 

The result follows. 

• We assume now that x 7^ 1- The proof will follow the same lines as 
in [25| . 

Let R(G, T) denote the root system of G. The group Cc(imx) is the 
reductive subgroup of G generated by T and those root groups U a for 
which a G R(G,T) has trivial restriction to im% together with those 
Weyl group representatives n w e N^(T) (w G W) for which w(t) = t 
for all t G im%. The identity component of Cc(imx) is generated by 
T and those root groups U a for which ck has trivial restriction to im x 
(see [29, § 4.1]). 
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Let pi? and kp denote the maximal ideal of the ring of integers of 
F and the residual field of F, respectively. Let £ denote the maximal 
compact subgroup of T: 

£ ~ Uf x • • • x Up, 

and let £ u ~ p F x ■ ■ ■ x p F and £ r ~ k F x ■ ■ ■ x k F denote the pro- 
p-unipotent radical and the reductive quotient of 8, respectively. The 
exact sequence 

1 -> £ u -> £ -> £ r ->■ 1 
is split. Hence the restriction to £ of x factors as x — Xu ' Xr where Xu 
coincides with the restriction of x t° £u an d Xr is trivial on £ u . This 
implies a similar decomposition of the character x- 

X = Xu- Xr- 

Since im% = imx u ■ imx r , we have 

H = C Hu (i m Xr), where H u := C G (irnx u ). 

Since G has simply connected derived group, it follows from Stein- 
berg's connectedness theorem [30J that the group H u is connected. 
Moreover, since im Xu consists of elements of p-power order, where p is 
the characteristic of k F , and p is not a torsion prime for R(T,G), the 
derived group of H u is simply connected (see [5T]). 

On the other hand im Xr is cyclic, since k F is. Applying Steinberg's 
connectedness theorem in the group H u , we get that H itself is con- 
nected. The first assertion of the Lemma is proved. 

Now let Wy. denote the stabilizer in W of im x and let be the 
normal subgroup generated by those reflections s a such that a has 
trivial restriction to im%. Then 

My - H/H° = {1}. 

Moreover, coincides with the Weyl group of H. On the other hand, 
for every w G W the condition w(t) = t for all t G im% is equivalent 
to the condition w G W^. Hence we get 

W s = W ± = W ± = W H . 

□ 

Remark 6.2. Note that H itself does not have simply-connected de- 
rived group in general (for instance, if G is the exceptional group of 
type G2, and x is the tensor square of a ramified quadratic character 
of F x then H = SO(4,C)). 

We summarize our findings as follows: 

(14) W s = W H 

(15) (T//W H ) 2 = {(t,r):teT,re Irr(Wf )}/W H 

(16) IrrWf = (IrrW M 7/7ro(M))° 
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7. The cell decomposition 

To begin the construction of the extended quotient, we choose a 
semisimple element t G T. We recall the definitions in Eqn. (jSJ) and 
Eqn. (USD: 

M = M(t) = Cjy(i), ff = C G (imx). 

Let 

(17) ^:=7r (C M o(x)). 

Let B x denote the variety of Borel subalgebras of LM° that contain 
x. All the irreducible components of B z have the same dimension d(x) 
over R, see [HI Corollary 3.3.24]. The finite group A,, acts on the set 
of irreducible components of T5 X [TT], p. 161]. 

The Springer correspondence yields a one-to-one correspondence 

(18) (x,g) t-+r(x,g) 

between the set of M°-conjugacy classes of pairs (x, g) formed by a 
nilpotent element x G LM° and an irreducible representation g of 
A = A x which occurs in tL^) (B x , C) and the set of isomorphism classes 
of irreducible representations of the Weyl group W M °. 

Remark 7.1. The Springer correspondence that we are considering in 
this article coincides with that constructed by Springer for a reductive 
group over a field of positive characteristic and is obtained from the 
correspondence constructed by Lusztig by tensoring the latter by the 
sign representation of W M ° (see [15]). 

Let X(T) denote the group of characters of T. Recall that R(G,T) 
is the root system of G. We have seen in Lemma 16.11 that W s is the 
Weyl group of the connected group H defined in Eqn. ([TBI) . The group 
H has root datum 

(X(T),R S ,X.(T),R* V ) 

where R B is the root system: 

R s = {aeR(G,T) : ( X o oc)\ Uf = 1} , 

and W s coincides with the Weyl group of R s . Hence X(T) x W s is the 
extended affine Weyl group of H. 

Let c be a two-sided cell of X{T) x W s and let U be the unipo- 
tent class in H which corresponds to c by the Lusztig bijection [TBI 
Theorem 4.8]. 

We have seen in Lemma [5.21 that 

Wt = W M ° x vr (M), 

and, from Eqn. fTlO]) . we know that every r G lrr(W*) can be written 

as 

t = t(x, g) x V where V> e Irr n(r(a; ' d) (7r (M) r(x>e) ). 
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Recall the definition: 

f 2 :={{t,r) : t G T, r G Irr(W*)}, 

(T//jy s ) 2 := f 2 /iy s . 

Then we set 

(19) T 2 C := {(t,r(x, g) X ip) G T 2 : exp iGW}, 

(20) (T//W)l := f 2 c /iy s . 

This determines the cell-decomposition 

(21) (T//W*) 2 = \_\{T//W s )l 

where c runs over the two-sided cells of X(T) X W B . 

Remark 7.2. Let v: T//W s — > (T//W s )2 a chosen bijection obtained 
from a c-Irr system in the situation of Lemma I3.ll We define: 

(T//W s ) c := v-\(T//W)l). 

It provides a non-canonical cell-decomposition of the extended quo- 
tient: 

(22) T//W 5 = \_\(T//W S ) C . 

8. The Langlands parameter $ 

Let "Wp denote the Weil group of F, let Ip be the inertia subgroup 
of W f . Let W^ er denote the closure of the commutator subgroup of 
Wp, and write Wfi = \Vp/Wp cr . The group of units in Op will be 
denoted Up. 

We recall the Artin reciprocity map : Wf — > F x which has the 
following properties (local class field theory): 

(1) The map slf induces a topological isomorphism W^ b ~ F x . 

(2) An element x G Wp is a geometric Frobenius if and only if 
a.p(x) is a prime element wp of F. 

(3) We have a F (I F ) = Up. 

We now consider the principal series of Q. We recall that Q denotes 
a connected reductive split p-adic group with maximal split torus T, 
and G, T denote the Langlands dual of Q, T. We recall that, in the 
case of a non-trivial inducing character, we assume in addition that Q 
has connected center and the residual characteristic of F satisfies the 
hypothesis in [2S1 p. 379]. 

Next, we consider conjugacy classes in G of pairs ($,p) such that $ 
is a continuous morphism 

$: W F x SL(2,C) G 

which is rational on SL(2, C) and such that $(W F ) consists of semisim- 
ple element in G, and p will be defined in the next section. 
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Choose a Borel subgroup B 2 in SL(2, C). Let B* denote the variety 
of Borel subgroups of G containing $(Wj? x B 2 ). The variety B* is 
non-empty if and only if $ factors through W^ 3 , (see [2"5l § 4.2]). In 
that case, we view the domain of $ to be F x : 

$: F x x SL(2,C) ->• G. 

We will now build such a continuous morphism $ from data coming 
from the extended quotient of second kind. 

We now work with the Jacobson-Morozov theorem [TTJ p. 183]. Let 
eo be the standard nilpotent matrix in $1(2, C): 

e ° = (o o)- 

Let x be a nilpotent element in LM°. There exists a rational homo- 
morphism 

(23) 7 :SL(2,C)^M° 

such that its differential $1(2, C) — > LM° sends e to x, see [TH §3.7.4]. 

The rational homomorphism 7 depends only on the unipotent class 
in M° containing exp x. 

Let a G C x . Define the following matrix in SL(2, C): 

Then 7 determines a cocharacter 

h: C x 

by setting 

(24) h(a):= 1 (Y a ) for a G C x . 

The cocharacter h is associated to x, see [HI Rem. 5.5] or [121 Rem.2.12] 
(see [121 Def. 2.9] or [21, § 6] for the definition of associated). In other 
words, 7 is an optimal SL 2 -homomorphism for x (see [2U Def. 32]). 

On the other hand, the cocharacter h depends only on the nilpotent 
class in M° containing x. 

Lemma 8.1. The cocharacter h can be identified with a cocharacter of 
H, and hence depends only on the nilpotent class in H containing x. 

Proof. Recall J.C. Jantzen's result [TBI Claim 5.12] (see also [T2] for 
a related study in positive good characteristic): For any connected 
reductive subgroup H 2 of an arbitrary connected complex Lie group 
Hi, the cocharacters of H 2 associated to a nilpotent element x G LH 2 
are precisely the cocharacters of H\ associated to x which take values 
in H 2 . 

Applying this with Hi = H and H 2 = M°, we get that h can be 
identified with a cocharacter of H, and hence depends only on the 
nilpotent class in H containing x. □ 
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From now on we view /iasa cocharacter of H associated to x. We can 
consider 7: SL(2, C) — > M° C H as an optimal SL 2 -homomorphism for 
x. 

Now, let 7' : SL(2, C) — > H be an optimal SL 2 -homomorphisms for x 
such that 

i(Y a ) = 1 {Y a ) for«GC x . 

Then 7' = 7 (see [211 Prop. 42]). Hence 7 depends only on the unipo- 
tent class in H containing exp 2. 

Define the L-parameter $ as follows: 

(25) $: F x x SL(2, C) — >■ G, (to^, F) >->■ £(w) ■ t n • 7(F) 
and the real tempered parameter H as follows: 

(26) 5: F x x SL(2,C) ->• M°, {uw n Fl Y) h+ 7 (y) 
for all uG^fiGZjG SL(2, C). 

Note that the definition of $ uses the appropriate data: the semisim- 
ple element t G T, the character £ (which depends on the point s), and 
the homomorphism 7 (which depends on the Springer parameter x). 
Eqn. ( 12 5 p determines the first of the Reeder parameters ($,p). 

We turn next to the construction of p. 

9. The parameter p 

The centralizer in G of the image of $ acts naturally on the variety 
B*, and hence on the singular homology of H*(B*,C). This action 
will factor through 

A* := 7ro(C G (im$)) 
and then p is an irreducible representation of Aq> which appears in 
H*(B*,C). We have (see [251 Lemma 4.3.1]): 

At, ~ A + = At := 7r (C M (x)). 

We clearly have 

C G (im$) = C M (imH) 

Let 

A~ := 7r (C M o(im E). 

Lemma 9.1. We have 

A x = A s . 

Proof. According to [HI §3.7.23], we have 

C M o(x) = C A fo(im S) • U 

with U the unipotent radical of Ca/o(x). Now U is contractible via the 
map 

[0, 1] x U -»■ U, (A, exp Y) ^ exp(AF) 
for all Y E n with exp n = U. □ 
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Lemma 19.11 allows us to define 

A := A x = As. 

Let A4(t) denote a predual of M°, i.e., M° is the Langlands dual of 
Ai(t). Let B = denote the variety of the Borel subgroups of M° which 
contain E(W F x B 2 ) = j(B 2 ). 

Definition 9.2. If a group A acts on the variety X, let TZ(A,X.) de- 
note the set of equivalence classes of irreducible representations of A 
appearing in the homology H*(X), as in [25, p. 118]. Let lZt op (A, X) 
denote the set of equivalence classes of irreducible representations of A 
appearing in the top homology o/X. 

Lemma 9.3. We have 

n top (A,B x ) = n(A,B s ). 

Proof. Let, as before, r be an irreducible representation of W M °. Let 
(x, g) be the Springer parameter attached to r. Define S as in Eqn. fl26l) . 
Note that 5 depends on the morphism 7, which in turn depends on the 
nilpotent element x e LM°. 

Then H is a real tempered L-parameter for the p-adic group Ai(t), 
see [HI 3.18]. According to [201 §10.13], [6], there is a bijection between 
Springer parameters and Reeder parameters: 

(27) (£,£?) ^ (",£?). 

Now q is an irreducible representation of A which appears simulta- 
neously in K d ( x )(B x ,C) and H*(B 3 , C). If K d ( x )(B x ,C) e = then 
Ki(B x , C) e — for any i > 0, where H^i^, C) e denotes the p- isotypic 
subspace of B-i(B x , C) (see [281 bottom of page 296 and Remark 6.5]). 

□ 

Define 

(28) T : F x x SL(2, C) — > H, {ww% Y) ^ %w) ■ t n ■ 7(F) 

(29) F x x SL(2,C) ->■ M°, (muj™ , Y) ^ • t n ■ 7(F) 
Lemma 9.4. We have 

B* = B s . 

Proof. We note that 

^=<t> 7 ( J B 2 ), S s = 7 (5 2 ) 

Let b denote a Borel subgroup of the reductive group M. Since b 
is maximal among the connected solvable subgroups of M, we have 
b C M°. Then we have b = T^L^ with Tf, a maximal torus in M°, and 
[/(, the unipotent radical of b. Note that TJ, C M°. Therefore = £y 
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for all y G Tjj. This means that t centralizes T b , i.e. t G Z(T b ). In a 
connected Lie group such as M°, we have 

Z(T b ) = T b 

so that t G XI,. Since T b is a group, it follows that < t > C T b . 
As a consequence, we have 

bD<t> 7 (5 2 ) bD 7 (5 2 ). 

□ 

Let B T denote the variety of Borel subgroups of H containing the 
image T(Wf X B 2 ). 

Lemma 9.5. We have 

TZ(A, B T ) = TZ(A, B*) 

Proof. We denote the Lie algebra of M° by LM°. We note that the 
codomain of \1/ is M°. 

Let B* denote the variety of all Borel subgroups of H which contain 
t. Let B G B*. Then BnM°isa Borel subgroup of M°. 

The proof in [HI p. 471] depends on the fact that M° is connected, 
and also on a triangular decomposition of Lie(M°): 

Lie M° = n* © t © n'_ 

from which it follows that Lie B n Lie M = n* © t is a Borel subalgebra 
in LieM , where n* denotes the centralizer of t. 
There is a canonical map 

(30) B* ->• Flag M°, B ^ B C) M° 
Now M° acts by conjugation on B*. We have 

(31) B t = B 1 UB 2 U---UB m 

a disjoint union of M°-orbits, see [Tlj Prop. 8.8.7]. These orbits are 
the connected components of B*, and the irreducible components of 
the projective variety B*. The above map fl30|) . restricted to any one 
of these orbits, is a bijection from the M°-orbit onto FlagM and is 
M°-equivariant. It is then clear that 

Bj ~ Flag {M°f 

for each 1 < j < m. We also have t G Sr = S^. Now 

B T = (B*) T = (B*)* 

and then 

H,(B T , C) = H*(Bf , €)©•••© H,(B*, C) 

a direct sum of equivalent A-modules. Hence g occurs in LL(B T ,C) if 
and only if it occurs ^(B*, C). □ 
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Recall that 

A+ = A+ = 7To(Cm(x)) and A = A x = 7r (C M o(x)). 

Lemma 9.6. Let ttq(M) x denote the isotropy group of x in ttq(M). 

(1) We have A x w (M) x = A + , and hence: 

(Irr ( A) //-7r (M) j, ) ° ~ Irr(A+), (ft^)^g^ =: p. 

(2) Moreover, we have 

q G 7^ p(A B x ) ^ p G ft(A+ B*). 

Proof. Let if be a connected complex reductive group with simply 
connected derived subgroup and such that H = H/Z where Z is a 
finite subgroup of the centre of H (see [251 § 3]). The natural projection 
p: H H is an isogeny. Let t be a lift of t in if, that is, p(t) = tZ = t. 
We recall the definition in Eqn. (jHJ): 

M := M(t) = C H {t). 

Let LM° denote the Lie algebra of M°. For x e LM°, let C M o(x) 
denote the centralizer of x in M°, via the adjoint representation of 
M° on LM°. The isogeny p induces an isomorphism from the set of 
nilpotent elements in LM to the set of nilpotent elements in LM°, and 
we will not distinguish between these sets of nilpotent elements. Let x 
be a nilpotent element in LM°. 
We set 

M:=C 5 (t) and M + := C 5 (t). 

Then we have 

M+ = {h E H : h{tZ)h- x = tz} = {h e H : {hihT x )Z C tz} . 

Since iider is simply connected, the group M is connected and [251 § 3.1] 
it is the identity component of M + : 

(32) M = (M+)°. 

Viewing X clS cL nilpotent element in LM, we can consider the centralizer 
of x in M+. We have (see [23 § 3.3]): 

n {C M+ (x))~A*;. 

(In particular, taking x = 0, we get 7r (M + ) ~ 7r (M).) 
Then [251 § 3.2-3.3], we have an exact sequence 

(33) 1 -> A x -> -)• 7To(M)a; -> 0. 

so we have 

A x x 7r (M) x = A+. 

This gives (1). 
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Let u := exp(x) G M°. Let u denote a lift of u in H. Since ut = tu, 
by applying p, we get ut = tu, that is, w G M. It follows from [251 
Lemma 3.5.3] that 

(t,W, 0,-0) !->■ (t,W,p) 

induces a bijection between i7-conjugacy classes of quadruples (t, u, g, ip) 
where 

g G TZ(A, B T ) and e Irr D(e) ((A+/A) e ), 

and if-conjugacy classes of triples (t,u,p), where p G 1Z(A + , B T ) is 
such that the restriction of p to A contains g. 
By combining Lemmas I9.3[ I9.4[ I9.5[ we get 

n{A,B r ) = n top {A,B x ). 

Also by [231 Lemma 4.4.1] we have 

1Z(A + , B T ) = 1Z(A + , B*). 
The result follows. □ 
Lemma 9.7. For every g G 7^ top (v4, B^), we have 

Ko( M Ux, e ) = MM)*)e = ( A+ / A ) e - 

Proof. We have 

(34) a r(x, g) = r(axa^ 1 , a g) for any a G 7r (M). 
Hence 

a G vr (M) r(x>e) a G tt (M) x . n vr (M) e . 

In other words, we have 

(35) MM) T ( x , e) = (MM) X ) S = (A + /A) Q , 

by using Lemma 19.61 □ 

Recall the p-adic group M.(t), a predual of M°. Let H(M.(t)) be its 
Iwahori-Hecke algebra. 

The group of components 7r (M) acts on both M.{t) and C[W M °], 
and we can form the corresponding crossed product algebras. Then, 
by applying Lemma [4. 2 \ we obtain: 

lrr{H{M{t)) x tt (M)) ~ (Irr U(M(t))//ir (M))° 
Irr(C[W M °] x n {M)) ~ (Irr C[W M ° //n Q {M))%. 

Let 

(36) IrrCH(7W(t)))^ mp C Irr(H(M(t)) 
and 

(37) Irr(ft(M(*)) * 7r (M))^ mp C Irr(H(M(t)) x n (M)) 

denote the set of (equivalence classes) of real tempered irreducible rep- 
resentations of H(Ai(t)) and of l-L(Ai(t)) x ir (M), respectively. 
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For g G n top {A,B x ), let V(x,g) G Irr {U{M(t))y v c c mp be the rep- 
resentation of T-L(Ai(t)) with Reeder parameter equal to the image of 
(x, g) by the bijection (127)) . Then the map t(x, g) V(x, g) provides 
a bijection 

Irr(C[W M °]) -)• Irr(H(M(t)))^ mp - 
Lemma 9.8. Lei g G Utop (A H x ) . We have: 

(38) (7ro(M)V (a , e) = (7r (M)) T(x , e) = 
and 

(39) n(V(x,g)) = n(r(x,g)), 

where on the L.H.S. (resp. R.H.S.), □ means the function which as- 
signs an element in R 2 ((A + /A) g , C x ) to V(x,g) (resp. r(x,g)). 
As a consequence, the map 

(40) t(x, g) x if) i-> V(a;, g) X if) 
is a bijection 

Irr(C[W A/ °] ^ 7T (M)) ->• lvr{H{M{t)) x 7T (M))^ mp - 

Proof. Let 0^ denote the nilpotent adjoint orbit which contains x. 
Then the usual closure order on nilpotent adjoint orbits, which is de- 
fined as 

Oi < 02 when 1 C O^, 

induces the following partial order on the irreducible representations 
ofW M °: 

(41) r(xi, Qx) < t(x 2 , g 2 ) when O xl < X2 . 

In this partial order, due to our choice of the Springer correspondence 
(see Remark 17.11) . the trivial representation of W M ° is a minimal ele- 
ment and the sign representation is a maximal element. 
The W M ° -structure of V(x, g) is 

(42) V(x, g)\ W M° = t(x,q) © (J) ™{*x,<k) t ( x uQi)i 

Oi.ei) 

T(x,g)<r(x,g 1 ) 

where the Tn< xi , ei ) are non-negative integers. (In case where M has 
connected centre, ( 142)) is implied by j6j Theorem 6.3 (1)], the proof in 
the general case follows the same lines.) In particular, it follows from 
012]) that 

(43) dim c Hom wM o (r(x, g),V(x, g)) = 1. 
Let a G ttq(M). Eqn. (134)) implies that 

a V(x, g)\ W M° = r(a ■ x, a g) © (J) m {xuQl) r(a ■ x, a gi). 

Oi.ei) 

T(x,g)<T(x 1 ,g 1 ) 



EXTENDED QUOTIENTS IN THE PRINCIPAL SERIES 



21 



Since t(x,q) < t{xi,q\) if and only if r(a • x, a g) < r(a • Xi, a Qi), it 
follows that a V(x, g) corresponds to the M°-conjugacy class of (a-x, a g) 
via the bijection induced by (1271) . 
Hence 

a V(x, g) ~ V(x, g) if and only if a r(x, g) ~ r(x, g). 

Hence Eqn. (|38p follows. 

Now let {T^_ 1 : a E (A+/A) e } (resp. {T a r _ 1 : a G J) a fam- 

ily of isomorphisms for V = V(x, g) (resp. r = r(x, g)) which deter- 
mines the cocycle cy (resp. c T ). We have 

Hom wM o (r, V) T -h Hom wM o (r, a ~ V) ^4 Hom wM o ( a "r, a ~ V). 

The composed map is given by a scalar, since by Eqn. (1431) these spaces 
are one-dimensional. We normalize the operator T%L X so that this scalar 
equals to one. This forces cy and c T to be equal. This implies 

n(V(x, g)) = n(r(x,g)). 

□ 

Define Irr (1-L(H))t to be the set of (equivalence classes) of irreducible 
representations of 1-L{H) that are parametrized by pairs ($,p) where 

Lemma 9.9. There a bijection 

\rr(M{t) x 7r (M))^ mp ->■ Irr(H(H)) t . 

Proof. Recall the group H defined at the beginning of the proof of 
Lemma [9.61 we have H = H/Z. Let H(H) and H(H) be the Iwahori- 
Hecke algebra of H and H, respectively. As in [251 § 1.5], we identify 
T-L{H) with the set of Z-fixed points of %(H): 

U{H) = H{H) Z . 

The irreducible representations of T-t(H) are parametrized by pairs 
($,£?) as above. 

Let lvr{H{H)) t denote the set of (equivalence classes) of irreducible 
representations of %{H) that are parametrized by pairs ($, g) where 
$>{vjf, 1) = t. The construction of these representations is due Kazh- 
dan and Lusztig [T7j. We will use the description given in [11]. We 
first recall the standard modules 

Mf 1 . i£) :=Hom Ci?(M) ( f? ,H,(B T ,C)). 

The similar construction of representations in lrr(l-L(Ai(t))i leads to 
the standard modules: 

M& 8 ^Homc^^H^C)). 

We have 

C A fo(x) = C s (t,x) 
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(i.e., the centralizer in M° of x coincides with the simultaneous cen- 
tralizer in H of t and x), and (see the proof of 19.51) : 

H,(B T , C) = H*(B* C) © • ■ ■ © H*(B*, C) 

is a sum of equivalent A-modules. It follows that the irreducible repre- 
sentation of T-L(H) attached to (t,x, g) is isomorphic to the irreducible 
representation of T-L(Ai(t)) attached to (l,x, g). 

On the other hand, it follows from [23J Theorem A. 13] (see also [25, 
Theorem 1.5.1]) combined with [25, (3.4.1)] that the set of (equivalence 
classes) of irreducible representations of H(H) = l-i(H) z which are in 
lrr(7i(H)) t are parametrized by the triples (x, g, ip) where ip runs over 
the simple modules of the twisted group algebra C[(A + /A) e ]n[ e j. □ 

10. The Main Result 

Let x be a ramified character of the maximal torus T C Q. We recall 
that 

*=[T,x]g 
H = C G (\m X ) 

and Irr (H(H)) t is the set of (equivalence classes) of irreducible rep- 
resentations of the extended Iwahori-Hecke algebra %{H) that are 
parametrized by pairs ($,p) where ^{wp, 1) = t. 
We now assemble our results: 



(44) W* = W H 

(45) (T//W s ) 2 = {(t,r) :t eT,r E Irr(Wf 

(46) Wf = W M ° x MM) 

(47) Irr Wf = (Irr W M ° //tt (M))° 

(48) Irr(C[W M °] x 7T (M)) ~ Irr(U(M(t)) x 7r (M))^ mp 

(49) Irr(H(M(t)) x 7r (M))^ mp ~ Irr(H(H)) t 

The union of the sets Irr("H(/J) t is in bijection with the set Irr(Q) s , 
see [26] : 

(50) |J lrv{U{H)) t ~ iw(gy. 

ter/w H 



By combining Eqns. (HH S3 S3 S3 SHI SHI EH , we create a canonical 
bijection between the extended quotient of the second kind (T//W s )2 
and Irr(Q) s : 

(51) fji: (T//W s ) 2 ^lrr(g) s , (t, x, g, ^ ($, g x ^). 
Quite specifically, we have the following result. 
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Theorem 10.1. Let Q be a split reductive p-adic group with connected 
centre and let Irr(Q) s be a Bernstein component in the principal series 
ofQ. Then there is a canonical bijection 

// : (T//W s ) 2 -+ Irr(£) s 

where Irr(Q) s is parametrized by Kazhdan-Lusztig-Reeder parameters, 
and (T//W s )2 is the extended quotient of the second kind. 

This in turn creates a bijection 

(52) T//W* — ► Irr(£) s . 

This bijection is not canonical in general, depending as it does on a 
c-Irr system. When G = GL(n), the finite group Wf 1 is a product 
of symmetric groups: in this case there is a canonical c-Irr system, 
according to the classical theory of Young tableaux. 

11. Correcting cocharacters 

Let 5 be a point in the Bernstein spectrum for the principal series of 
Q. We will construct, for each a G C x , a commutative diagram: 

(T//W% Irr(S)* 

(53) 

T/W s T/W s 

The map // is bijective and canonical, by Theorem ( 110. ip . In this 
diagram, only the vertical maps depend on a. 

We start by defining the vertical maps in the diagram. Let a G C x . 
Recall the following matrix in SL(2, C): 

, a 

I rv 



a \0 a- 1 
and set, as in Eqn. pl]) , 

(54) /i 7 :C x ^T, a^7(r Q ). 

Then is an element in the coweight lattice X m (T), also called the 
cocharacter lattice. 

Let ($, p) G Irr(^) 5 be the Reeder parameter which corresponds, via 
fi s , to the point (t,r) G (T//W s ) 2 . We will define 

(55) i a : Irr(£) B -> T/W s , ($, p) H- *(<gj f , Y a ) 

(56) n a : (T//W s ) 2 -> T/W\ (t, r) ^ t ■ -y(Y a ) 
We note that 

$(iv F ,Y a )=t-y(Y a ) 
by the definition (1251) of the L-parameter $, so that the diagram is 
commutative. 
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Proposition 11.1. The cocharacter /i 7 defined in Eqn. (I54p depends 
only on the unipotent class in H containing expx. 

Proof. See Lemma [8.11 □ 

In view of the Lusztig bijection between unipotent classes in H and 
two-sided cells in X(T) x W B , we may set 

(57) h c = h 7 , 

where c is the two-sided cell which corresponds to the unipotent class 
in H containing exp x. 

For the restriction of ir a to iT jjW s y^ we therefore have 

{T//W%^ T/W s , ( t ,r)^t-h c (a) 

We have created a system of correcting cocharacters as defined in [3j 
p.131]. 

The correspondence v i— > %v between points in T and unramified 
quasicharacters of T can be fixed by the relation 

Xu(K^f)) = A(i/) 

where wp is a uniformizer in F, and A G X.(T) = X(T). 

Let X denote the rational cocharacter group of T, identified with 
the rational character group of T . Let 7o be the maximal compact 
subgroup of T . A choice of uniformizer in F gives a splitting T = 
% x X, so characters of T have the form x <8> ^, where x is a character 
of 7o, and u E T. As in §6, x ® ^ gives rise to a homomorphism 
X '■ Uf — > T. This homomorphism is independent of v. The notation 
X is consistent with the notation in §6. 

Let q = qp denote the cardinality of the residue field kp of F. 

Notation. Here is the dictionary for translation between Reeder's 
notation [251 P-H7] an d ours: s = t, t = u, (fi u = 7, t u = j(Y^g), r = 
T u ■ s = ^{Y jg) - t, Xsiuwp) = x(u) - t. The definition of $ in [2^1 P-117] 
therefore coincides with our definition (125]) . 

Now consider the induced representation 

Ind§(x<g) u), 

where B D T is the standard Borel subgroup in Q, and x G Irr(T). 

Recall the infinitesimal character [TJ §2.1], also called the cuspidal 
support map Sc [2U VI. 7. 1.1]: 

Sc : lrr(0) — > 

where f2(£7) is the set of all ^-conjugacy classes of cuspidal pairs. 

Let Irr x (Q,B) denote the set of irreducible representations of Q, up 
to equivalence, which appear in Ind|(x <8> v), for some v G T, as in 
[25| p. 120]. Then Irr x (^, B) is in bijection with the set of C7-conjugacy 
classes of pairs ($,p), where $: Wp x SL(2,C) — > G is a Langlands 
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parameter such that B* is nonempty, $\u F is G-conjugate to x, an d 
p G 7£(j4$,B*). See [25J 4.5, 5.3d]. The cuspidal support of the irre- 
ducible representation of Q with Reeder parameter ($, p) is therefore 
the cuspidal pair (T, x ® z/ )- 

We fix T and x and allow v to vary. For the cuspidal pairs of the 
form (T, \ ® v \ we have the identification, as in [TJ 2.1]: 

(58) {(T, x ® z/ ) : ^ G T} ~ T, (T,x®^za 

This is how the quotient variety T/W s arises as a component in the 
Bernstein variety fl(G), see 2.1]. 
Note that 

(59) z^: Irr(£) s T/W 8 , ($,p) m- $(^,>» 
and 

$(tU F ,Y V g)=t- 1 (Y V g) = V 

which is now identified by (I58p with the cuspidal pair (T, \® v )- We 
infer that 

: Irr(£) s -+ T/W s , ($, p) H- (T, x ® f) 

so that 

(60) ^ = Sc. 
This creates the commutative diagram 

(T//W% Irr(£) s 

V? Sc 

T/W s T/iy s 

so that 

(61) 7T^=SC0/i S . 

This confirms our geometric conjecture, as stated in [3], for the princi- 
pal series of Q . 

Since /r 5 is bijective and the diagram is commutative, the number of 
points in the fibre of ir^q equals the number of inequivalent irreducible 
constituents of Ind§(x g) v): 

(62) k^(x®f)l = |Indg(x®i/)| 

The map ff^/q, a finite morphism of algebraic varieties, is therefore a 
model of the map Sc. The predictive power of Eqn.( l62|) is illustrated 
by Example 2 in §13. 
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12. Intersections of L-packets with lrv(Q) s 

In jU §10], we raise the following question: "In the ABP view of the 
smooth dual Irr(£?), what are the L-packets?" 

In the conjectural answer [H § 10], the essential point was that in the 
list of correcting cocharacters hi, h%, ■ ■ ., h r , there may be repetitions, 
i.e. it may happen that for some i,j with 1 < % < j < r, one has 
hi = hj, and these repetitions give rise to L-packets. We find here that 
this is close to the truth: for a given L-packet all the hi have to be 
the same, however one cocharacter hi may correspond to two distinct 
L-packets. The correct answer in the principal series case is given by 
the following theorem. 

We recall the cell decomposition 

(T//W% = \JT//W*)i 

Theorem 12.1. Two points (t,r) and (t',r') in (T//W s ) 2 have 
//(£,r) and fi s (t',r') in the same L-packet 

if and only 

(t,r) and (t',r') belong to the same (T//W s )2 

and 

ir a (t, t) = 7T a {t', t'), for each a G C x . 

Proof. Let (t, r) and (t',r') two points in (T//W s )2- Their images by 
the bijection // are in the same L-packet if and only if they correspond 
to the same of L-parameter. 

Recall the definition of the L-parameter $ (see Eqn. (125*1) ): 

$: F x x SL(2, C) C7, (uw n F , Y) H- %( u ) ■ t n ■ 7 (y), 

for all u e U F , n G Z, Y G SL(2, C). 

Here x is a homomorphism from Uf to T provided by x ® v i an d, as 
we have already observed, it is independent of v G T. In other words, 
X only depends on s = [T,x]g- Since the inertial pair s is fixed, it 
follows that the restriction of $ to Uf is fixed too. 

Now we have seen in the proof of Proposition 111.11 that 7 depends 
on a unipotent class U in H. Let c be the two-sided cell in X(T) X W s 
which corresponds to U by the Lusztig bijection. 

Set 

($,p):=//(t,r) and ($', p') := //(*', r'). 

Then (t, r) and (£', r') are in the same cell {T//W s )2 if and only if $ 
and $' have same restriction to SL(2, C). 

Finally, from the commutativity of the diagram (T53l) . we have 

$(n7 F , Y a ) = t ■ 7(V Q ) = t ■ h 7 (Y a ) = Tr a (t, r), 

and similarly 

&(wF,Y a )=K a (t',T'). 
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The result follows. 

Finally, recall the definition of the correcting cocharacter attached 
to c, from Eqns. (154")) and (157)) : 

Hence all the [i s (t, r) in a given L-packet correspond to the same cochar- 
acter. □ 



13. Examples 

Example 1. Realization of the ordinary quotient T/W s . Let ^3(G) 
denote the set of G-conjugacy classes of Langlands parameters 

$: W F x SL(2,C) -> G 

such that B* is nonempty and $|[/ F is G-conjugate to \. Consider an 
L-parameter $ e ^J(G) for which $|sl(2,c) = 1 (hence $: W F -» G). 
Let t = $(m F ). 

Now t is a semisimple element in G, and all such semisimple ele- 
ments arise. Modulo conjugacy in G, the set of such L-parameters $ 
is parametrized by the quotient T/W s . Explicitly, let 

qJi(G) :={$G^(G) : $ | S L(2,c) = !}• 

Then we have a canonical bijection 

*Pi(G) T/W«, 

which fits into the commutative diagram 

<Pi(G) ► T/W/ s 

qj(G) ► (T//W% 

where the vertical maps are inclusions. 

From the construction of the system of correcting cocharacters, it 
follows that ^Pi(G) is attached to exactly one cocharacter h c , the one 
which is indexed by the two-sided cell c corresponding to the trivial 
unipotent class in H. Hence c equals c : the lowest two-sided cell in 
X(T) x W B . 

Recall the corresponding part (T //W B )'^ (see Eqn. (120)) ) of the ex- 
tended quotient of the second kind. Then we get 

(63) T/W 5 C (T//W s ) c 2 °. 

By using the commutative diagram we obtain, as conjectured in 
Hp. 87]: 

(64) T/W s C (T//W s ) co , 

where (T//W s ) co is the part corresponding to the lowest two-sided cell 
c in the cell decomposition (122)) of the extended quotient T//W s . 
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On the other hand, the corresponding group Cm°{x) = M° (here 
x — 1) is connected and acts trivially in homology. Therefore g is the 
unit representation 1. Then Eqn. (fl^|) gives: 

(65) T 2 C » = {(^)6T 2 : ^G7r (M)}. 



Example 2. An example in the principal series of SL(4, Q 2 ). Note 
that, for this group, the centre is not connected. The multiplicative 
group of the field Q 2 is given by 

Q* ~ Z x Z 2 x Z/2Z 

and so Q 2 admits three ramified characters of order 2. They may be 
written rj, x, V • X- 

The three ramified quadratic characters of Q 2 create a unitary char- 
acter, of order 2, of the standard Borel subgroup B C SL(4, Q 2 ): 



t : 



X\ 


* 


* 


* 







* 


* 










* 











X'l 



We twist the character r by an unramified unitary character ip and 
form the induced representation Ind|(^T). Let \E fl (T) denote the group 
of unramified unitary characters of the maximal torus T C SL(4), and 
let 

E s := {^®r : i/j e ^(T)}. 

Then E s has the structure of a compact torus. The subgroup of the 
Weyl group which fixes E s is W s := Z/2Z x Z/2Z. We have the 
standard projection 

tt s : E s //W s -> E s /W s 

of the extended quotient onto the ordinary quotient. To simplify nota- 
tion, we will sometimes write ir = tt s . 

The extended quotient E s //W s is the disjoint union of 6 unit inter- 
vals a, b, c, d, e, / and the ordinary quotient E s /W s . In the projection 
it, these 6 intervals assemble themselves into the 6 edges of a tetra- 
hedron in E s /W s . The cardinality of each fibre of tt creates a perfect 
model of reducibility. The locus of reducibility is the 1-skeleton £H of a 
tetrahedron, and we have 

Itt-^t)! = |Indg(VT)| 

for all unramified unitary characters ip of T. On the interior of each 
edge tt (a), ... , n(f) of each induced representation admits 2 distinct 
irreducible constituents; on each vertex of 9^, each induced representa- 
tion admits 4 distinct irreducible components. 
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The detailed computations are in [TO]; the theory of the i?-group 
for SL(iV), on which these computations depend, is to be found in 
Goldberg [T3]. 

The pre-image of the interior of one edge is the union of two open 
intervals (the one corresponding to the given edge and one in the ordi- 
nary quotient), replicating the fact that the i?-group has order 2, while 
the pre-image of a vertex is the union of three endpoints of intervals 
and one point in the ordinary quotient, replicating the fact that the 
i?-group has order 4 here. The 1-skeleton of the tetrahedron is a per- 
fect model of reducibility and confirms the geometric conjecture in this 
case. Quite specifically, let Q = SL(4, Q 2 ) and s = [T, t]q. There exists 
a continuous bijection 

// : E s //W s -> Irr*^)* 

such that 

(66) Sc 0^ = 71*. 

Example 3. The general linear group. Let Q = GL(n),G = 
GL(n,C). Let 

$ = X ® r ( n ) 

where \ is an unramified quasicharacter of Wf and r(n) is the irre- 
ducible n-dimensional representation of SL(2, C). By local classfield 
theory, the quasicharacter \ factors through F x . In the local Lang- 
lands correspondence for GL(ra), the image of <3? is the unramified twist 
X o det of the Steinberg representation St(n). 

The sign representation sgn of the Weyl group W has Springer pa- 
rameters (O prin ,l), where O prin is the principal orbit in gl(n, C). In 
the canonical correspondence between irreducible representations of S n 
and conjugacy classes in S n , the trivial representation of W corresponds 
to the conjugacy class containing the n-cycle wo = (123 ■ ■ - n). 

Now G$ = C(im$) is connected [TTJ §3.6.3], and so acts trivially in 
homology. Therefore p is the unit representation 1. The image $(1, uq) 
is a regular nilpotent, i.e. a nilpotent with one Jordan block (given by 
the partition of n with one part). The corresponding conjugacy class in 
W is {wq}. The corresponding irreducible component of the extended 
quotient is 

T wo /Z(w ) = {(z,z,...,z) : z G C x } ~ C x . 

This is our model, in the extended quotient picture, of the complex 
1-torus of all unramified twists of the Steinberg representation St(n). 
The map from L-parameters to pairs (w,t) G T//W is given by 

X ® r(n) i— >■ (w Q , x(Frob), . . . , x(Frob)). 

Among these representations, there is one real tempered representation, 
namely St(n), with L-parameter 1 ® t(ji), attached to the principal 
orbit O vrin C G. 
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More generally, let 

where n\ + • • ■ + = n is a partition of n. This determines the 
unipotent orbit 0{n\, . . . , n k ) C G. There is a conjugacy class in W 
attached canonically to this orbit: it contains the product of disjoint 
cycles of lengths n 1; . . . , n k . The fixed set is a complex torus, and the 
component in T//W is a product of symmetric products of complex 1- 
tori. See [5] for more details. 

Denote by i the Iwahori point in the Bernstein spectrum of Q{F) : = 
GL(n, F), so that i = [T, l]g. Let T be the standard maximal torus in 
GL(n, C). The Weyl group is the symmetric group S n . We will denote 
our bijection, in this case canonical, as follows: 

/4 : T//W -> Irr(£(F)) 1 

Let E/F be a finite Galois extension of the local field F. According to 
[22| Theorem 4.3], we have a commutative diagram 

T//W lrr(Q(F)Y 

BC E / F 

T//W Irr(Q(E)y 

In this diagram, the right vertical map BC e/f is the standard base 
change map sending one Reeder parameter to another as follows: 

($,i)^(<V B ,i). 

Let 

f = f(E,F) 

denote the residue degree of the extension E/F. We proceed to de- 
scribe the left vertical map. We note that the action of W on T is as 
automorphisms of the algebraic group T. Since T is a group, the map 

T ->■ T, t^t f 

is well-defined for any positive integer /. The map 

T-tT, {t,w)^(t f ,w) 

is also well-defined, since 

w ■ v = wt^w' 1 = wtw^ 1 wtw^ 1 ■ ■ -wtw^ 1 = v . 

Since 

a - (t s ) = (a-t) f 
for all a £ W, this induces a map 

T//W ->■ T//W 

which is an endomorphism (as algebraic variety) of the extended quo- 
tient T//W. We shall refer to this endomorphism as the base change 
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endomorphism of degree f . The left vertical map is the base change 
endomorphism of degree /, according to [221 Theorem 4.3]. That is, 
our bijection /i l is compatible with base change for GL(n). 

When we restrict our base change endomorphism from the extended 
quotient T//W to the ordinary quotient T/W, we see that the commu- 
tative diagram containing BCe/f is consistent with [T4"l Lemma 4.2.1]. 

Acknowledgement. We would like to thank A. Premet for drawing 
our attention to reference [TTj . 
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